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Abstract 


Let G be an edge-colored graph. A rainbow (heterochromatic, or mul¬ 
ticolored) path of G is such a path in which no two edges have the same 
color. Let the color degree of a vertex v be the number of different colors 
that are used on the edges incident to u, and denote it to be dP{v). It was 
shown that if (F{v) > k for every vertex v of G, then G has a rainbow path 
of length at least min{ , k — 1}. In the present paper, we consider 

the properly edge-colored complete graph Kn only and improve the lower 
bound of the length of the longest rainbow path by showing that if n > 20, 

, 1 1 1 , 3 1 In 39 11 

there must have a rainbow path of length no less than —n — \ -. 
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1. Introduction 


We use Bondy and Murty |3] for terminology and notation not defined here and 
consider simple graphs only. 

Let G = (V, E) be a graph. By an edge-coloring of G we mean a function 
C N, the set of natural numbers. If G is assigned such a coloring, then we 
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say that G is an edge-colored graph. Denote the edge-colored graph by (G,C), 
and call C(e) the color of the edge e E E. We say that C{uv) = 0 if nn ^ E{G) 
for e y{G). For a snbgraph H of G, we denote C{H) = {C{e) | e G E{H)} 
and c{H) = \C{H)\. For a vertex v of G, the color neighborhood GN(y) of v is 
dehned as the set {G(e) | e is incident with n}, the color degree d^{v) = |GA^(n)|. 
A snbgraph of G is called rainbow (heterochromatic, or multicolored) if any two 
edges of it have different colors. If u and v are two vertices on a path P, uPv 
denotes the segment of P from u to n, whereas vP~^u denotes the same segment 
but from v to u. 

There are many existing publications dealing with the existence of paths and 
cycles with special properties in edge-colored graphs. The heterochromatic Hamil¬ 
tonian cycle or path problem was studied by Hahn and Thomassen [13], Rodl and 
Winkler (see m), Frieze and Reed [II], and Albert, Frieze and Reed [I]. In |2], 
Axenovich, Jiang and Tuza gave the range of the maximum k such that there ex¬ 
ists a fc-good coloring of E(Kn) that contains no properly colored copy of a path 
with hxed number of edges, no heterochromatic copy of a path with hxed number 
of edges, no properly colored copy of a cycle with hxed number of edges and no 
heterochromatic copy of a cycle with hxed number of edges, respectively. In [9], 
Erdos and Tuza studied the heterochromatic paths in inhnite complete graph 
In [in], Erdos and Tuza studied the values of k, such that every fc-good coloring 
of Kn contains a heterochromatic copy of E where F is a given graph with e 
edges (e < n/k). In [I5], Manoussakis, Spyratos and Tuza studied (s,f)-cycle in 
2-edge colored graphs, where (s, f)-cycle is a cycle of length s 1 and s consec¬ 
utive edges are in one color and the remaining t edges are in the other color. In 
[TB] , Manoussakis, Spyratos, Tuza and Voigt studied conditions on the minimum 
number k of colors, sufficient for the existence of given types (such as families 
of internally pairwise vertex-disjoint paths with common endpoints, hamiltonian 
paths and hamiltonian cycles, cycles with a given lower bound of their length, 
spanning trees, stars, and cliques ) of properly edge-colored subgraphs in a fc-edge 
colored complete graph. In [S], Chou, Manoussakis, Megalaki, Spyratos and Tuza 
showed that for a 2-edge-coIored graph G and three specihed vertices x, y and 
z, to decide whether there exists a color-alternating path from x to y passing 
through 2 ; is NP-compIete. Many results in these papers were proved by using 
probabilistic methods. 

In [2], Axenovich, Jiang and Tuza considered the local variation of anti- 
Ramsey problem, namely, they studied the maximum k such that there exists a 
fc-good edge-coloring of Kn containing no heterochromatic copy of a given graph 
H, and denote it by g{n,H). They showed that for a hxed integer k > 2, 
k — 1 < g{n,Pk+i) < 2k — 3, i.e., if Kn is edge-colored by a {2k — 2)-good col¬ 
oring, then there must exist a heterochromatic path Pk+i, and there exists an a 
{k — l)-good coloring of Kn such that no heterochromatic path Pk+i exists. 

In [1], the authors considered long heterochromatic paths in general graphs 
with a fc-good coloring and showed that if G is an edge-colored graph with d‘^{v) > 
k (color degree condition) for every vertex v of G, then G has a heterochromatic 
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path of length at least In [SUH], we got some better bound of the length 

of longest heterochromatic paths in general graphs with a fc-good coloring. 

In [^, we showed that if \CN{u) U CN{v)\ > s (color neighborhood union 
condition) for every pair of vertices u and v of G, then G has a heterochromatic 
path of length at least [, and gave examples to show that the lower bound 
is best possible in some sense. 

In [12] , Gyarfas and Mhalla showed that in any properly edge-colored complete 
graph Kn, there is a rainbow path with no less than (2n-|- l)/3 vertices. In [6] we 
got a better result, showing that in any edge-colored graph G, if for every vertex 
of G there are at least k colors appear on it, then the longest rainbow path in G 
is no shorter than -|- 1. 

Theorem 1.1 Let G be an edge-eolored graph. If d^{v) > k for every vertex 
V eV {G), then G has a heterochromatic path of length at least min{ -\-l,k — 
!}■ 


In this paper, we will improve the bound in [12], and show that a longest 


rainbow path in a properly edge-colored Kn is not shorter than 




n. 


2. Propositions of a longest rainbow path 


Suppose G is a properly edge-colored Kn, P = VqViV 2 ■ ■ - vi is one of the longest 
rainbow paths in G, and G{vi_iVi) = G, (f = 1, 2, • • • , /). 

Suppose I < n — 2 and u is an arbitrary vertex which does not belong to the 
path P. Then we can easily get the following proposition. 

Proposition 2.1 G{vqu) G G(P), G{viu) G G(P). 

Proof. Otherwise, uvqPvi or uviP~^Vq is a rainbow path of length / -|- 1, a con¬ 
tradiction. I 

Proposition 2.2 If G{uvi) ^ G(P), then G{uVi_i) G G{P), G(-unj+i) G G(P). 

Proof. Otherwise, VoPvi^iUViPui or voPviUVi+iPui is a rainbow path of length 
Z -|- 1, a contradiction. I 

Proposition 2.3 IfG{uVi) ^ G(P), then {G{voVi+i),G{viVi-i)} C G{P)UG{uVi). 

Proof. Otherwise, uViP~^VoVi+iPvi or uViPviVi_iP~^VQ is a rainbow path of 
length Z -|- 1, a contradiction. I 
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Proposition 2.4 If C{uVi) ^ CP, then C{vqVi) G C{P) \ 


Proof. Otherwise, uViPviVoPvi^i or uViP ^VqViP is a rainbow path of 

length / + 1, a contradiction. I 


Proposition 2.5 IfCiv^Vi) ^ C{P), thenC{viu) G C{P)\C{yi_iVi); ifC{viVi) ^ 
C{P), then C{vou) G C{P) \ C{viVi+i). 

Proof. Otherwise, Vi-iP~^voViPviu or ViJ^iPviViP~^VQU is a rainbow of length 
/ + 1, a contradiction. I 


Proposition 2.6 IfC{vQVi) ^ C{P), thenC{vi-iu) G C{P)UC{vQVi); ifCiyiVi) ^ 
C{P), then C{viJ^iu) G C{P) [JC{viVi). 

Proof. Otherwise, uVi_iP~^VQViPvi or uVi+iPviViP~^VQ is a rainbow of length 
Z + 1, a contradiction. I 

With these propositions, we can give new lower bonnd of a longest rainbow 
path. And we will do that separately in the following two sitnations: the biggest 
rainbow cycle is of length Z + 1, and the biggest rainbow cycle is of length less 
than Z + 1. 

3. A longest rainbow path has the same number 
of vertices as a biggest rainbow cycle 


If the longest rainbow path has the same nnmber of vertices as the biggest rainbow 
cycle, then the biggest rainbow cycle is of length Z + 1, and there exists a rainbow 
path P = noWi ■ ■ - vi snch that Ciy^vi) ^ C{P). 

Then, we can easily get the following conclnsion from Proposition 12.41 


Lemma 3.1 If Ciy^vi) ^ C{P), then for an arbitrary u G V{G\P), C{u,P) G 
C{P)VJC{voVi). 


By nsing this Lemma, we can get one of onr main conclnsions. 

3 

Theorem 3.2 If n >20 and C{voVi) ^ C{P), then I > -n — 1. 

Proof. We will prove it by contradiction. Snppose a longest rainbow path in G 
is of length Z < |n - 1. Then \V{G) \ V{P)\ = n- Z- l>f>5. 
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We can conclude by Lemma 13.11 that for any vertex u G V{G) \ V{P), 
C{u, P) C C{P) [JC{voVi). On the other hand, \V{P)\ = \C{P) UO(no'i^z)| = ^ + 1 
and G is a properly edge-colored Kn. Therefore, C{u,P) = C{P) U C{voVi), 
C{G\P)n{C{P)UC{voVi)) = iD. 

Since P is one of the longest rainbow paths, by Proposition 12.11 there exist 
2 < < *2 < • • • < in- 2 -i < ^, 1 < ji < j 2 < • • • < jn- 2 -i <1-1, such that 

\{C{vov,,),C{vov,,),---\ {C{P)U{C{voVi)}) 

= \{C{viVj,), C{viVj^), • • • , C{viVj^_^_^)}\ \ {C{P) U {G(nonz)}) 

= n — I — 2 

Additionally, C{uVi,^_i) 7 ^ C{voVi), C{uVj^+i) 7 ^ C{voVi), fc = 1 , 2 , • • • , n - / - 2 . 

Let I = {i- l|G(noni) ^ C{P) U C{voVi),2 < i < I - 1}, J = {j + l\C{vjVi) ^ 
C{P)UC{voVi),l<j<l-l}. 

Now we distinguish the following two cases: 

Case 1. I n J (/). 

This implies that there exists some f in J O J, i.e., 

{G(noni+i), C{vivt_,)} O (G(P) U C{voVi)) = 0 


Case 1.1. G(no^^t+i) 7 ^ C{viVt-i). 

Since n — Z > 4 and C{u, P) = C{P) U G(nonz), there are no less than 3 colors 
which is not in C{P) UG(no'yz) such that they belong to the color set C{u, V(G) \ 
V(P)). Therefore, there exist ui,U2 E V(G) \ V(P) such that G(uiU2) ^ G(P) \ 

{G(vovi), G(voVt+i), G(vt-ivi)}. 

By Lemma IXn there exists some vertex v E V(P) such that G(uiv) = G{vqVi), 
denote it by Vi^. We can conclude from Proposition 12.61 that zq 7 ^ t. Since 
G' = VQVt+iPviVt-iP~^vo is a rainbow cycle of length I in which the color G^vqVi) 
does not appear on it. Therefore, U2UiViQG contains a rainbow path of length 
/ -f- 1 , a contradiction. 

Case 1.2. G{voVt+i) = G{viVt-i) ^ G{P) U G{voVi). 

First, we can conclude that G{vt-iu) 7 ^ G{voVi) for any vertex u E V{G) \ 
V (P). Otherwise, suppose there exists some u E V (G)\ld(P) such that G{vt-iu) = 
gIvqVi). Since |f^(G)\C(P)| > 5, there exists a vertex ui G C(G) \ (C(P) U{m}) 
such that G(mmi) ^ G{P)U{G{vQVi),G{vQVt+i)}. Pheieioie, UiUVt-iP~^VQVt+iPvi 
is a rainbow path of length Z -|- 1 , a contradiction. 

Then, we will show that Z — 1 ^ J U J. 

IfZ-1 G /, i.e., GivoVt) i G{P)U{G{voVi),G{voVt+i)}, G' = v^Pvt-iViP-^ViVo 
is a rainbow cycle of length Z -|- 1 without color G{voVi). On the other hand, 
by 13.11 there exists a vertex u E V{G) \ V (P) and a vertex G V (P) such 
that G{uVif^) = G{voVi). Then uVi^^G contains a rainbow path of length Z -|- 1, a 
contradiction. 
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Ift-1 e J, i.e., C{vt- 2 Vi) ^ C{P)U{C{voVi),C{vt-iVi)}, C = voPvt- 2 ViP ^Vt+iVo 
is a rainbow cycle of length I withont color C{voVi). Since \ V{G) \ V{P)\ > 5, for 
any vertex u E V {G)\V{P), d^^piu) > 5. So, by Theorem 1 1.1 1 1 here exists a rain¬ 
bow path U 1 U 2 U 3 G G\P with no colors in C'(P) U{C(noni), G{voVt+i), G{vt- 2 Vi)}. 
Since G is properly edge-colored, at least one edge in {vtUi,VtU 3 } does not have 
color G{voVi), W.O.L.G., assnme G{vtUi) 7^ G{voVi). Then, because G{vt-iUi) 7^ 
G{voVi), G{ui,P) = G{P) U G{voVi). So, by Lemma ITTI there exists some zq, 

0 < zq < ^ ^0 7 ^ ^ “ IG such that G^UiVi^) = G{vqVi). Then zz 3 ZZ 2 ZZinj(,C" contains 
a rainbow path of length Z -|- 1 , a contradiction. 

So, we have f — 1 ^ / U J. 

Let P = / n J, /' = (J \ iL) U {t - l|t G K}. Then |/'| = \I\ and J' n J = 0. 

Additionally, for any f G /' U J and any u G V{G) \ V{P), G{vtu) 7^ G{voVi). 
Otherwise, there exist some to E K and some vertex u E V{G) \ V{P), such 
that G{vtf)-iu) = G{voVi). Since |G(G) \ V{P)\ > 6 , there exists some vertex 
Ml G V{G) \ V{P) such that O(zzzzi) ^ C'(P) U {G{voVi),G{voVtQ+i)}. Then 
UiUVtf)-iP~^VoVto+iPvi is a rainbow path of length / -|- 1 , a contradiction. 

On the other hand, 

|P U J| = |/'| + I J| = |/| + I J| > 2[(zz - 1) - (Z -1- 1)] = 2(n - Z - 2), 

and |ld(G) \ V{P)\ = n — {l + l)=n — I — 1. So there are at least zz — Z — 1 z’s 
(1 < z < Z — 1) such that G{uVi) = G{voVi) for some u E V{G) \ V{P). So we 
have |/' U J| -|- (n — Z — 1) < Z — 1, and then 2(zz — l — 2) + n — l — l < Z — 1, which 
implies Z > |rz — 1, a contradiction. 

Case 2. / O J = 0. 

By Proposition 12. 6 [ we have that for any Z G / U J and any u E V(G) \ V (P), 
Giytu) 7 ^ GiyoVi). On the other hand, there are at least |C(G)\ld(P)| = zz —Z —1 
z’s (1 < z < Z — 1) such that G{uvi) = G{vov{) for some u E V{G) \ V{P). So we 
have |/ U J| -|- (zz — Z — 1) < Z — 1, and then 2(rz — Z — 2)-f-zz — Z — 1<Z — 1, which 
implies Z > |zz — 1, a contradiction. 

This complete the proof. I 


4. A biggest rainbow cycle has less vertices than 
a longest rainbow path 


Since a biggest rainbow cycle have less vertices than a longest rainbow path, then 
G{voVi) E C(P). 

For any longest rainbow path P, by Proposition 12.11 and Theorem 13.21 there 
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exist 2 < *1 < *2 < • • • < ^ (^1 > — 1 — 0 that 

\{C{yQVi^),C{vQVi^), - ■ ■ ,C(i;oWi,J}| = |CiV(vo) \ C(P)| = t^. 

Now we will distinguish two cases: the case when there is a vertex u E V{G) \ 
V{P) such that C{viu) = Ci, and the case when there is no such vertex. 

We hrst consider the case when there is a vertex u E V{G) \ V (P) such that 
G{viu) = G,. 


Theorem 4.1 If G{vqVi) E G{P) and there is a vertex u E V{G) such that 

3 1 

G{viu) = Gi, then I > -n — 


39 

11 


11 

16’ 


Proof. Suppose P is a longest rainbow path that has the minimized p. 

We can conclude from Proposition 12.51 that (7*^ ^ G{vi,G{G) \ V{P)), k = 
1,2,--- ,p. 

Let G^ = {Gijk = 1,2, • • • ,p}, G^ = C'iV(n,,_i) \ (C'(P) U C(noni,)). Let the 
color set Gj, G* (j = 1, 2, • • • , ti) be defined by the following procedure. 

For j = 1 to ti do 

q = 0, 

for s = 1 to ij — 3 

if G{vi^.,Vs) E q, let G* = G*U {C.+i}; 
for s = ij+i to Z — 1 

if G{vi^.,vs) E q, let q = q u {cj, 
q = q_iuq 

Then we can conclude that \G*\ = |q| > P — 1 by Proposition 12.11 
Suppose \G^^\-\G°\= jo and j > jo + 2. 

Let q-i = {G{vi^_iVi,)\t > j and G{vi._iVi^) E q°}, 

q ,2 = {G{vi,_iViJ\t < j and G{vi._iVi,_i) = G{voVi,)}, 
q .3 = {C{vi,-i)\t < j and G{vi.-iVi^-i) E Gj \ G{voVi,)}. 

Then q i, Gj^ 2 , Gj^^ are mutually independent and G* fl (7° = q^i U q ^2 U 

tl 

Gj^ 3 . By the dehnition \Gj^i\ < p - j, |J q -2 C {q,qr-- and 

i=io+2 

q ,2 n Gf ^2 = 0 since G is properly edge-colored. 

Since G{viu) = q, we have q^s = 0; otherwise, V 2 Pvi^_iVi._iP~^Vi^VQVi.Pviu 
is a rainbow path of length Z-|-1, a contradiction. Therefore, q*nq = q_iUq^ 2 - 
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On the other hand, \C*\C^\ < \Cj\C^\ < Jq. So, = \C*nC^\-\Cj^i\ > 


(ti -l-jo)-{ti-j)=j-jo-l. Notice that ^ |Oj- 2 I 


j=jo+2 


U 

j=jo+2 




Then, we have ^ (j-jo-1) <^1-1, i-e., - {tf - 2joti - h + + jo) < ti-1. 

j=jo+2 

Therefore, jo > ^ 10*11=^1+ jo > 2ti - ^ 

Since C'(ni,i/(G) \ V(P)) C 0(P) \ U {OJ) and G is properly edge- 
colored, |ld(G) \ 1^(P)| < I - I 2ti - ^ ^ I - 1, i.e., n - {I + 1) < 


I — ^ 2 ti — - — y 2ti — -j — 1 . So, 2ti — y 2ti — - < 21 — n + -. Since f{x) = 
2x — ‘^2x — \ increases when x > 2 and ti>n — / — 1 > 2 , we have 


2 (n — / — 1 ) — •\/ 2 (n — / — 1 ) — ^ < 2 / — n -f 


rT.1 r ,3 1 /n 39 11 

Therefore, I > -n - \ -. 

’ - 4 4 V 2 16 16 

This completes the proof. 

Now we consider the case when for any longest rainbow path P = V 0 V 1 V 2 
and any u E V{G) \ V{P), C{yiu) 7 ^ Ci. 


■vi 


Lemma 4.2 If for any longest rainbow path P = V 0 V 1 V 2 ■ ■ - vi and any u E V (G) \ 
V (F), Giyiu) 7 ^ Gi and there are at most two j’s satisfying 2 < j < ti, ij—ij-i > 
2 , then I > 

Proof. For any j (1 < j < fi), Vi.-iP~^voVi.Pvi is a rainbow path. So we can get 
by Proposition [23] and the condition of this lemma that Cj.}nC'(ni, 14(G)\ 

V{P)) = 0. 

Let G* = Gijj. Then |C*| > 2ti — 2 since there are at most two j’s 

i=i 

satisfying 2 < j < ti, ij — ij_i > 2. On the other side, G{vi,V{G) \ V{P)) C 
G{P) \ {G* U {a})- So we have 

( 2 ti - 2 ) - 1 = / - 2 ti + 1 < / - 2 (n - / - 1 ) + 1 . 

3ti — 4 

This implies that I > —^— and completes the proof. I 

Then we can get the following conclusion. 
















Theorem 4.3 If C{vqVi) G C(P) and for any vertex u G V{G), C{viu) ^ Ci, 



Proof. Let io = min{i|3M ^ V{P) s.t. C{yiu) = Ci}. Suppose P is one of the 
longest rainbow paths such that io is the smallest. 

Let j* = ma.x{j\ij—ij_i = 1}. Then we have io > ij*] otherwise, viPvi..,_^voVi.,Pvi 
is also a rainbow path of length I, but Ci^ appears on the (io — l)-th edge of the 
path, a contradiction. 

Now we distinguish the following two cases. 

Case 1. io < iij. 

Let the integer jo and the color sets Cj, C*, Cj^i, Cj^2, Cj^3 be defined as in 
Theorem 14.11 

Suppose iji-i < io < Li- Then we have that for any ji < j 2 < ti, {C(nj 2 _injj_i)|l < 
t < ji}nCj^ = 0. Otherwise, there exists J3 < ji < j2, such that C{vi.^^iVi.^^i) ^ 

Cj^. Then, Vi.^Pvi.^_iVi.^_iP~^VoVi.^Pvi is a rainbow path of length I, but the 
color Cig appears on the (io — ij 3 )-th edge of this path, a contradiction to the 
choice of P. 

If there exists ji < js < jz such that ^ {C °3 U C{voVi.^)}, then 

ViPvi.^_iVi.^_iP~^Vi.^VoVi.^Pvi is a rainbow path of length /, but appears on 
the (io — l)-th edge of this path, a contradiction. 


Therefore, for any j > ji, Cj-g = 0, C {Ci,\ji <t<ti}. 
Case 1.1. ji > jo- 



As in Theorem 14.11 we can get that (j 


ti — ji. This implies that (ii — ji + l)(ji + — 2jo — 2) < 2(ti — ji). Therefore, 

jo > - 3ti) - (ji - 3ji) + 2ji - 2] > i(2ji - 2) = ji - 1, a contradiction. 

Case 1.2. ji > jo. 

By the same calculation we did in Theorem 14.11 we can conclude that I > 
3 1 ^ ^ 11 

“ 4 V 2 ~ IT ~ 16' 

Case 2. io > it^. 

If there are at most two j’s satisfying 2 < j < fi, ij — ij_i > 2, then by 



So we will only consider the case when there are at least three j’s satisfying 
2 < j < fi, ij — ij_i > 2. Then I > Suppose there are exactly k {k > 3) 

such j’s satisfying si < S 2 < ■ ■ ■ < Sk- Then for any integer p (1 < p < k) 


9 












ViPvi^^_^V()Vi^^Pvi is a rainbow path of length 1. Therefore, 

C{v„V{G)\V{P)) C {C{P)\{aj)U{C{vov,^^_,),C{vov,J}. 

k 

Notice that k > 3, and so P|{C(non 4 ^_J,C'(no'yi.J} = 0, and then C{vi,V{G) \ 

p=i 

V(P)) C (C(P) \ {C.,}). Let c- = C(P) \ (uC.,U{Ci,C 2 }V Then 
1/(0) \ r(P)) c C". 

Case 2.1. \G* fl {Ci, (72, • • • , Gi^^}\ < ti. 

\G* n {(7 i,( 72, • • • ,(7jj^}| < ti implies that — k — 2 < p and there exists 

a vertex u G V{G) \ V{P) such that G{viu) = Gt, where t > — [ti — (hi — 

k — 2)] = ti + k + 2 and it appears on the (/ — t + l)-th edge of the rainbow 

path viP~^Vi^_^voVi^_^_-^P~^vi of length / + 1. By the choice of P, we can conclude 

that I — t + 1 > io > i.e., t < / — hi + 1- Remember that hi > 2ti — k and 

ti > n — I — 1, and so we have fi + fc + 2<t</ — hi + l<^ — 2,ti + k + 1, i.e., 

2^2 _2 3 1 [n 3^ 11 

I > 3ti + 1 > 3n — 31 — 2, and therefore I > -> -n - \ -. 

- ’ - 4 - 44 V 2 III 6 

Case 2.2. \G* fl {(7i, G 21 • • • , Cjti}| ^ 

Suppose Gt is the h-th color in (7*, h'p-i < ^ < ho and there are ki j’s 
in the set {2, • • • , jo — 1} satisfying ij — h-i = 1- Then we can conclude that 
t = ti + ki + 2 and t > 2(jo — 1) — fci — 2 = 2jo — ki — A. Since if ip — ip_i > 1 
then \G* n {Cj^.i+i, ■■■ ,Gi^}\ < ip - Zp_i, we have 

ti = h — 2 + {ip — ip-i) + t — ho-i = ti — ki — 2. 

p<jo-l 

ip 2p_i>l 

On the other hand, hi > ho + 2(^i — jo) — {k — ki) = ij^ + 2ti — 2jo — k + ki > 
t + 2ti—2jQ — k + ki. By Lemmathere is some integer j satisfying h' —h-i = 
and so viP~^Vi.voVi._-^^P~^vi is a rainbow path of length I + 1 and Gt appears on 
the (/ — t)-th or (/ — t + l)-the edge. Therefore, we have io <l — thy the choice 
of P. Then we have I — t > i^ > it^ > t + 2ti — 2jo — k + ki, i.e., 

I — ti — k — 2 > 3fi + 2ki — 2jo + 2 

> 3fi T 2ki T (—t — ki — 4) T 2 
= 3ti — t T kx — 2 
= 3ti — {ti ki P 2) ki — 2 

= 2fi - 4 

So, I > 3ti + k — 2 > 3ti — 2 > 3{n — Z — 1) — 2, which implies that 

, 3n-5 3 1 PH ^ 11 

- 4 “4 4 V 2 11 16 


This completes the proof. 


10 









5. Conclusion 


By Theorems 13.2114.11 and 14.31 we can easily get the following conclusions. 
Theorem 5.1 For any properly edge-colored complete graph (n > 20^, there 



39 11 


11 16 


Corollary 5.2 For any properly edge-colored complete graph Kn (n > 20j, there 
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